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● Scientific Method
○ Reproduction
○ Reproducibility crisis
○ ReScience



IMPA - 2025

1. INTRODUCTION

4

● The 80s - Exciting times
○ TeX released
○ Adobe PostScript
○ Desktop publishing

● Curve-fitting with piecewise parametric cubics
○ SIGGRAPH 1983

● Can this paper be reproduced?
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● Main idea
○ Given a sample of points
○ Find cubic spline

● Applications
○ Find SVG of input image
○ Digital typography
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● Typography
○ Digital font converted from bitmaps
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● Overview of the algorithm
○ Global and local

○ Perform least-squares to a set of knots and samples

○ Dynamic programming to find best set of knots
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● Hand-drawn images

● Glyph images

2. DATA
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● Extracted sequences of points from glyphs
○ From outline

■ Exact
○ From image

■ Noisy

2. OUR DATA
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● Potential knots and corners
○ Corners angle selection
○ Polygon simplification

■ Ramer–Douglas–Peucker

2. OUR DATA
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● Potential knots and corners
○ Knot selection

■ Polygon simplification
■ Ramer–Douglas–Peucker

○ Corners selection
■ Angle < 135°

○ For knots
■ Compute tangent
■ Local least-squares

2. DATA PREPROCESSING
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2. RAMER–DOUGLAS–PEUCKER
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2. RAMER–DOUGLAS–PEUCKER
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3. FITTING

● Goal
○ Parametric curve γ(t) approximates input points

● Steps
○ Initialize values of ti
○ Least-squares fitting
○ Update ti
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3. FITTING

● How do we initialize the values of ti for each point pi?
○ Take ti as the normalized cumulative length of the chords up to pi
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3. FITTING

Bézier curve

● Where does our curve begin and where does it end?

● Are we dealing with corners or ordinary knots?
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3. FITTING

Approximation error

● We set the endpoints at B0 = p1 and B3 = pn

● Let B1 = (x1, y1) and B2 = (x2, y2)

● We use least squares to find B1 and B2, but we must consider three cases
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3. FITTING

● Our curve is between two corners: No tangent directions.
The optimization variables are x1, y1, x2, y2.

● The curve is touching only one corner: One tangent direction.
When the tangent direction is T0, we have B1 = p1 + α1T0 and the 
optimization variables are x2, y2, α1.
When the tangent direction is T3, we have B2 = pn + α2T3 and the 
optimization variables are x1, y1, α2.

● The curve does not touch corners: Two tangent directions.
We have B1 = p1 + α1T0 and B2 = pn + α2T3 and the 
optimization variables are α1, α2.
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3. FITTING
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3. FITTING

● With the estimated curve, we update the values of ti for each point pi 
such that γ(ti ) is the point on the curve closest to pi

● To do this, we minimize

22



IMPA - 2025

3. FITTING

● We use Newton-Raphson to find the root of fi

● 14 steps
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3. FITTING

● And finally, we normalize the values of ti to remain in the range [0, 1].
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3. FITTING
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4. BEST KNOTS
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● Given the set of knots
○ How can we get the best set of knots?
○ We could try every combination of knots

■ Exponential number of fittings 

4. BEST KNOTS
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● Dynamic Programming
○ Use a table and grow the result
○ From a base case until our desired case

● Define error

● For each curve between input points i and j

● Add a tolerance 𝜏 so that the curve does not degenerate

4. BEST KNOTS

28



IMPA - 2025

● Dynamic Programming
○ Use a table and grow the result
○ From a base case until our desired case

4. BEST KNOTS
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error 1 2 3 4

1 0 15 20 30

2 x 0 10 20

3 x x 0 4

4 x x x 0
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● Construct a vector given this minimization:

● Perform this in a table

4. BEST KNOTS
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1 2 3 4

D 0

Previous None

error 1 2 3 4

1 0 15 20 30

2 x 0 10 20

3 x x 0 4

4 x x x 0
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● Construct a vector given this minimization:

● Perform this in a table

4. BEST KNOTS
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1 2 3 4

D 0 15

Previous None 1

error 1 2 3 4

1 0 15 20 30

2 x 0 10 20

3 x x 0 4

4 x x x 0
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● Construct a vector given this minimization:

● Perform this in a table

4. BEST KNOTS
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1 2 3 4

D 0 15 20

Previous None 1 1

error 1 2 3 4

1 0 15 20 30

2 x 0 10 20

3 x x 0 4

4 x x x 0
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● Construct a vector given this minimization:

● Perform this in a table

4. BEST KNOTS
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1 2 3 4

D 0 15 20 24

Previous None 1 1 3

error 1 2 3 4

1 0 15 20 30

2 x 0 10 20

3 x x 0 4

4 x x x 0
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● Construct a vector given this minimization:

● Perform this in a table
● Perform back-tracking

○ Find path
○ 1 → 3 → 4

4. BEST KNOTS
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1 2 3 4

D 0 15 20 24

Previous None 1 1 3

error 1 2 3 4

1 0 15 20 30

2 x 0 10 20

3 x x 0 4

4 x x x 0
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● Instead of exponential
○ We have quadratic

4. BEST KNOTS
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5. RESULTS
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● Manage to create a visualization from the curve
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● Managed to reconstruct the curve
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● Managed to reconstruct the curve
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● Managed to reconstruct the curve
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● Managed to reconstruct the curve
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● Managed to reconstruct the curve



6. CONCLUSION
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6. CONCLUSION
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● Lots of current applications!
○ Adobe Photoshop
○ Adobe illustrator
○ Potrace
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6. CONCLUSION
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● Started submission of replication study!
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